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§ l. 
In [l) we gave necessary and sufficient conditions for a graph to be 
embeddable into the projective plane. The question arises whether the 
methods used in [l) can also be applied in order to obtain necessary and 
sufficient conditions for the embedding of a graph into other surfaces. 
In this paper a closed orientable 2-dimensional manifold of genus g will 
be called an orientable surface; it will be denoted by Tg. As an analogon 
to the theorem of MAc-LANE for T 0 , compare [2), and to the theorem 
in [l] for the projective plane, one would expect for instance in case of 
the torus T1 the following assertion to be true: 
A graph X is embeddable into T1 if and only if there exists a set of 
circuits Oi(i=l, ... ,n) in T1 such that: 
l) every edge of X is on at most two of the circuits Oi(i=l, ... , n); 
2) the circuits Oi(i=l, ... , n) generate a subgroup N(01, ... ,On) of the 
homologygroup H1(X, Z) such that H1(X, Z)jN(Ob ... ,On) is a free 
group of rank 2. 
However this assertion does not hold as we show by the following 
counterexample. Let 0 be a meridian circle of the torus T1 and let p 
be a point of T1, p ¢=C. The quotient space T'1 =T1j(O U {p}) is an orien-
table pseudo-variety whose first integral homologygroup H1(T'1) is a free 
abelian group of rank 2. 
As figure l shows, T'1 contains two graphs of Kuratowski K1 and K2, 
having at most one point in common. Consider a triangulation ofT'1 such 
that the !-skeleton X of this triangulation contains K1 u K2. Take the 
boundaries of the 2-simplices as circuits Oi C X(i = l, ... , n); it is clear 
that the graph X satisfies the condions of the assertion. However X can 
not be embedded into the torus T1, as already the graph K1 u K2 is 
not embeddable into T1. To prove this, assume that there exists an 
embedding f: K 1 u K 2 --+ T1. It can easily be proved that the components 
of T1 \f(Kl) = {xjx E T1, x ¢= j(K1)} are 2-cells. 
Hence f(K2) is contained in the closure of a 2-cell E such that j(K2) 
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Fig. I. 
has precisely one point on the boundary oE of E. Consider the sequence: 
where E is the closure of E in T1 and where cp is the natural map of E 
onto its quotient space Ej'bE. We obtain a homeomorphism cpf of K 2 into 
the 2-sphere Ej'bE, which is impossible. It follows that our assertion does 
not hold. Hence we could not obtain a generalization of the theorem of 
Mac-Lane by working with H1(X, Z). However we can succeed by replacing 
the group H1(X, Z) by the fundamental group :n:1(X). Before stating our 
main theorem, we introduce the following notations: 
1) Fr denotes a free group of rank r. 
2) A * B denotes the free product of the groups A and B. 
3) •=~II* Ai denotes the free product of the groups A1, ... ,An. 
4) If01, ... ,On are circuits in a graph X, N(01, ... ,On) denotes the smallest 
normal subgroup of :n:1(X), determined by the circuits 0 1, ... ,On. 
Using these notations we shall prove the following theorem 
THEOREM 
A connected graph X can be embedded into a surface Tg if and only 
if X contains a set of circuits 01, ... ,On such that: 
1) every edge of X is on at most two of the circuits Oi(i = 1, ... , n). 
2) m(X)jN(Ob ... ,On)= Fg0 * i=ill* :n:1(Tgi) with !t-o !li <!I· 
In § 3 we prove this theorem; in § 2 the preliminaries for that proof 
are to be found. 
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§ 2 
A graph is a finite !-dimensional complex. The notion of connectedness 
is taken as usual. In this paper we consider only connected graphs. 
A circuit is a connected graph with precisely 2 edges at every vertex. 
If a circuit 0 with basepoint co is contained in a graph X with basepoint 
x0, the inclusion map i: 0 ---7- X does not necessarily induce a homo-
morphism of :n1(0, co) into m(X, xo), as 0 needs not contain the point xo. 
We choose a path rJ from xo to co in X and define N(O) to be the smallest 
normal subgroup of :n1(X, xo) containing all paths rJ · ~ · n-1 with~ E :n1(0, c0). 
It is clear that the group N(O) is independant of the choise of rJ· An 
element a of :n1(X, xo) is said to correspond to the circuit 0, provided 
a is a conjugate of the element rJ · ~ ·n-1, where~ is a generator of :n1(0, co). 
Let {01, ... , On} be a set of circuits in X; we define N(01, ... ,On) to be 
the smallest normal subgroup of :n1(X, xo) containing all subgroups N(Oi) 
(i = 1, ... , n). If no confusion can arise we write :n1(X) instead of :n1(X, xo). 
An embedding f: X ---7- Tu is called a 2-cell embedding if and only if the 
components of T g \f(X) are 2-cells. 
Lemma 2.1. 
Let X be a connected graph, xo EX, z E Tg and let 
f: (X, xo) ---7- (T g, z) 
be a 2-cell embedding. In this case the induced homomorphism 
f*: :n1(X, xo) ---7- n1(Tg, z) 
is an epimorphism. 
Proof. 
The lemma follows from the exact sequence 
:n1(X, xo) ---7- n1(Tg, z) ---7- n1(Tg, f(X)) ---7- 0 
because n1(Tg,j(X))=n1(Tuff(X))=n1 (wedge of 2-spheres)=O. 
Definition. 
Let X be a graph and letS= {01, ... ,On} be a set of circuits in X. The 
set S is called a 'l'-set in X if and only if every edge of X is on at most 
two elements of S. 
A outpoint of a connected space Y is a point y E Y so that Y\ {y} is 
not connected. A local outpoint of Y is a point y E Y so that y is a outpoint 
of every sufficiently small neighbourhood of y. 
A 2-dimensional pseudovariety is a 2-dimensional complex with the 
following properties: 
a) every 1-simplex is on the boundary of at least one and at most two 
2-simplices. 
b) for every two 2-simplices ~ and rJ, there exists a sequence ~1, ... , ~r 
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of 2-simplices such that ~1=~, ~r='YJ and two consecutive elements of 
the sequence have a 1-simplex in common. 
Lemma 2.2. 
Let X be a connected graph and letS= {Ot, ... , Cn} be a l'-set of circuits 
in X. There exists a free group F and a set of pseudovarieties Y~, ... , Yr 
such that nt(X)fN(Ct, ... , Cn)=F *i~ill* (nt(Yi)). 
Proof. 
We span a 2-cell E-1 in each of the circuits Oi(i=1, ... , n). Let Y=X U 
u Uf~ 1 Ei and let E-1 be the closure of Ei in Y(i= 1, ... , n). In the set of 
2-cells Ei(i=1, ... ,n) we introduce a relation ffi as follows: EiffiE1(i,j= 
= 1, ... , n) holds if and only if there exists a sequence Fk=Eik(k= 1, ... ,) 
such that Ft=Ei, F 8 =E1 and Fk n Fk+l contains at least one edge of X 
(k= 1, ... , s-1). Let H1, ... , Hr be the equivalence classes of ffi and let 
Yi = UEkEHi Ek(i = 1, ... , r). As S is a l'-set of circuits in X, it is clear 
that each Yi(i= 1, ... , r) is a pseudovariety 1). Let Xo be the subgraph 
of X determined by the set of those edges of X that are not on an element 
of S, and let Xi be a maximal tree contained in X n Y,(i= 1, ... , r). 
Let Yo= Uf~0 X,. It is clear that Y = Ur~o Y1,. Every pseudovariety 
Yi(i = 1, ... , r) has an acyclic set Xi in common with Yo u U'*1Y 1. Ac-
cording to van Kampens theorem it follows that 
As Yo is clearly a graph it follows that nt(Yo) is a free group. Let 
F=n1(Yo). Hence we obtain: 
As the space Y was constructed by attaching a 2-cell to every circuit 
C,(i = 1, ... , n) of S, we obtain on the other hand that 
nt(Y)=nt(X)fN(Ct, ... , Cn)-
It follows that nt(X)fN(C~, ... , Cn) = F * .;~fil*(nt(Yt)). 
Lemma 2.3. 
If Y is a 2-dimensional pseudovariety, there exists a free group F and 
a closed 2-dimensional variety :Y, such that 
1) Consider Y. By a homotopy equivalence we can replace every isolated cut 
point by a segment and then next obtain a homotopy equivalence leading to a 
wedge of circles, 2-manifolds with boundary and closed 2-manifolds. But a 2-manifold 
with boundary is homotopy equivalent to a wedge of circles. Hence: Y is homotopy 
equivalent to a wedge of go circles and closed surfaces. 
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Proof. 
If Y contains no local cutpoints, it is clear that Y is a compact 2-
dimensional manifold with or without boundary. If the boundary of Y 
is not empty, it consists of a number of circuits 0 1, ... , Cr. Let ~i be an 
element of nr(Y) corresponding to Ci(i= I, ... , r). It is well-known that 
there exist elements xr, ... , Xk in :n:1( Y) such that x1, ... , Xk, ~1, ... , ~r is a 
set of generators of :n:1(Y), satisfying only one relation. This relation is 
of the form <X· ~1 · ... · ~r = e where 
<X= [ x1, x2] · ... · [ Xk-t, Xk] if Y is orientable and 
<X= x12 • .. • • Xk2 if Y is not orientable, 
where [xi, x;]=Xi·X;·xi-l.x1-1 . 
Hence :n:1(Y) is a free group of rank k+r-1. It follows that lemma 2.3 
is satisfied if we put F = :n:1( Y) and Y =To. 
If Y has no boundary it is clear that lemma 2.3 is satisfied by putting 
Y = Y and F = {e} where {e} is the group consisting of the neutral element 
only. So the lemma is proved in case Y does not contain local cutpoints. 
Let n be an integer such that the lemma holds for every 2-dimensional 
pseudovariety with at most n- I local cut points and let Y be a 2-
dimensional pseudovariety with at most n local cutpoints. Consider a 
local cutpoint p of Y. It is clear that there exists a sufficiently small 
neighbourhood V of p such that: 
a) V = Uf~ 1 Ei where each Ei is a 2-cell, 
b) Ei n E;= {p} (i, j =I, ... , n), 
c) Each component of V\ V, where Vis the closure of V in Y, is a circuit 
or an arc. 
Let Or, ... , Cr denote those components of V\ V, that are circuits and 
let Lr+1, ... , Ls be the remaining ones. Span a 2-cell E/ in each of the 
circuits Ci(i=I, ... , r) and consider the space Y'=(Y\V) U UI~ 1 Ei. It is 
clear that Y' is a pseudovariety with at most n- I local cutpoints. 
According to the induction hypothesis we obtain 
:n:1(Y') = F' * :n:1(Y'). 
We choose points PiEEi(i=I, ... ,r) and p;EL;(j=r+I, ... ,s). 
Let P={P1} U {p2} U ... U {Ps} and consider the quotient space Y"= 
=Y'JP. It is well-known that: :n:1(Y")=Fs-1 *:n:1(Y'). It is easy to prove 
that Y" is homotopy-equivalent with Y. From this we obtain: 
It follows that: :n:1(Y)=Fs-1*F'*:n:1(Y')=F*:n:1(Y), where F= 
=Fs-1 * F' and Y = Y'. 
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Lemma 2.4. 
Let X be a connected graph and let 8 = {Ot, ... ,On} bear-set of circuits 
in X. There exists a free group F and closed 2-dimensional manifolds 
Y1, ... , Yr such that: 
(a) 
Moreover the set 8 determines the group F up to isomorphism and the 
manifolds Y1, ... , Yr up to homeomorphism. 
Proof. 
The existence ofthe free group F and the manifolds Y1 .... , Yr satisfying 
condition (a) follows at once from the lemma 2.2 and the lemma 2.3. 
In [3] DEHN shows that the factors of a free product of the form (a) are 
determined up to isomorphism. From this it follows immediately that the 
manifolds Y1, ... , Yr are determined up to homeomorphism. 
Definition. 
Let X be a connected graph and 8={01, ... ,On} bear-set of circuits 
in X. We define the g-number g(8) of 8 as follows: 
if n1(X)jN(01, ... ,On)= F * n1(Y1) * ... * n1(Yr) 
where F is a free group of rank g0 and Yi(i= l, ... , r) is a 2-dimensional 
manifold of genus gi(i=l, ... ,r), then g(8)=go+g1 + ... +gr. 
Lemma 2.5. 
If 81 and 8 2 are r-sets of circuits in a connected graph X, the following 
implication holds: 
Proof. 
Let 8 1 ={01 , ... ,On} and let 0 be an element of 8 2\81. Consider the set 
81' = {01, ... ,On, 0} of circuits in X. 81' is clearly a r-set of circuits in X, 
as 81' C 8z. It is sufficient to prove that g(81') <;g(81) as from this result 
it follows by induction that g(8z) ,;;;;;g(81). Span a 2-cell Ei in the circui~ 
Oi(i=l, ... ,n) and consider the space Y=XU Uf~ 1 Ei. 
As in the proof of lemma 2.2 we write: 
Y =YoU Y1 U ... U Yr 
where Y1, ... , Yr are pseudovarieties with or without boundary, and Yo 
is a graph having an acyclic set in common with each of the Y1(i=l, ... , r). 
Of course n1(Y) =i~6I1*(n1(Yi)). 
Assume that 0 is contained in one of the spaces Yi(i= l, ... , r), say 
0 C Y1. According to lemma 2.3 
n1(Y1) = F * n1(l\), 
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where :i\ is a 2-dimensional variety. Consider the inclusion map i: C-+ Y1. 
Assuming that the basepoint of Y1 is on C, the map i induces a homeo-
morphism i*: ~H(C) -+ n1(Y1). If ; is a generator of n1(C), it is clear that 
i*(;) E n1(l\), as C is clearly a boundary circuit of Y1. 
We span a 2-cell E in the circuit C. Let Y1' = Y1 U E. It is clear that 
the group n1(Y1') is obtained from the group n1(Y1) by dividing n1(Y1) 
by the smallest normal subgroup containing the element i*(;). It follows 
that: 
n1(Y1') = F * n1(:i\'), 
where n1(Y1') is obtained from n1(l\) by dividing this group through the 
smallest normal subgroup containing the element i*(;). If Y1 is a 2-
dimensional variety with boundary, n1(Y1') is a free group and it is clear 
that: rank (n1(Y1'))=rank (n1(Y1))-l. 
It follows that in this case g(S1') ,;;;;,g(S1). If Y1' is a closed 2-dimensional 
variety of genus g, it is clear that n1(Y1) is a free group of rank 2g. From 
the definition of the g-number of 81 respectively 81' it follows that 
g(S1') <,g(S1). 
Now consider the case that C is not contained in one of the pseudo-
varieties Y1, ... , Yr. C n Yt(i= I, ... , r) is an acyclic set, as Cis not con-
tained in Yt(i =I, ... , r). It follows easily that there exists a maximal 
tree Lt in X n Yt containg C n Yt(i= I, ... , r). If Xo is the union of 
those edges of X that are not on an element of 81, and if Yo'= Xo U 
u U~-lLi it follows that Y=Yo' u ur=lyi and that: 
n1(Y)=n1(Yo') * •=fll*(nl(Yt). 
It is clear that C C Yo'. Assuming that the base points of Y, Yo' and 
C coincide, it follows that i*(;) E n1(Yo'). It is clear that n1(Yo') is 
isomorphic to n1(Yo). Spanning a 2-cell E in the circuit C we obtain a 
space YuE such that: n1(YUE)=A *•=fll*(ni(Yt)), where A is the 
group we obtain by dividing the group n1(Yo') through the smallest normal 
subgroup containing the element i*(;). As the rank of n1(Yo) is certainly 
not increased by this process, it follows easily from the definition of the 
g-number that g(S1') <,g(S1). Hence lemma 2.5 is proved. 
A -r-set S of circuits in a graph X is called maximal if S is not contained 
in a la.rger -r-set of circuits in X. 
In this paragraph we prove 
THEOREM 3.1. 
§ 3 
A connected graph X can be embedded into an orientable surface Tg 
of genus g if and only if there exists a -r-set S = {C1, ... , Cn} of circuits 
in X such that: 
I) g(S),;;;;,g 
2) m(X)fN(Cl, ... ,Cn)=F *•-fll*(n1(Tg1)). 
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Proof. 
First we prove the necessity of the conditions 1) and 2) by induction 
on g. If g=O, Tu is a 2-spere. Let X be a connected graph which can 
be embedded into T 0 • According to the theorem of Mac-Lane, there exists 
a r-set S={C1, ... , Cn} of circuits in X such that 
n1(X)jN(C1, ... , Cn)=O 
It follows at once that the conditions 1) and 2) are satisfied. Let g 
be a natural number and suppose that in every connected graph X which 
can be embedded into a surface Tu' with o-;;;;_g,<g, there exists a r-set 
of circuits satisfying the conditions of the theorem. Consider a connected 
graph X which is embeddable into a surface Tg. According to YouNG [4] 
there exists a 2-cell em bedding of X into a surface T g' with 0 < g' <g. 
If g' <g, there exists a r-set S of circuits in X satisfying condition 2) 
whose g-number is less than or equal to g', according to the induction 
hypothesis. So we have g(S) <,g' <,g. In this case the conditions 1) and 2) 
are satisfied. If g' =g there exists a 2-cell embedding f of X into Tg. Ac-
cording to lemma 2.1 the induced map f*: m(X) --+ n 1(Tu) is an epi-
morphism. It follows that there exist 2g circuits D1, ... , D2g in X such 
that the corresponding elements x1 , ... , x2g of n1(X) have the property 
that the elements Yi=/*(xi) (i=1, ... , 2g) constitute a set of generators 
of n1(Tg) satisfying the only relation: 
By cutting Tg along each of the circuits f(Dt)(i = 1, ... , 2g) we obtain 
a closed 2-cell Panda continuous map ex: P--+ Tg such that the restriction 
of ex to the interior of P is a homeomorphism. 
Moreover: ex(bP) C f(X). 
Consider the set X' =ex-l(f(X)). As X' is a plane graph there exists a 
r-set S' = {C1', ... , Cn'} of circuits in X' such that 
n1(X')jN(C1', ... , Cn') = 0. 
According to [ 4] every C t' ( i = 1, ... , n) is on the boundary of a com-
ponent of P\X'. Every edge of ()P is on precisely one of the circuits 
Ct'(i= 1, ... , n). Suppose that ex/Ct' is a homeomorphism for every 
i=1, ... ,n. Put Ct=f-1ex(Ct') (i=1, ... ,n). It is clear that the set 
S = {C1, ... , Cn} is a r-set of circuits in X, and that N(C1, ... , Cn) is the 
kernel of the map f*: n1(X) --+ n 1(Tg). As f* is an epimorphism it follows 
that n1(X)jN(C1, ... , Cn)=nl(Tu)· 
Hence the set S satisfies the conditions 1) and 2) of theorem 3.1. 
If ex/Ct' is not a homeomorphism for every i = 1, ... , n, assume that 
ex/C1' is not a homeomorphism. It follows that there exists a point a 
and a point b =Fa on C1' such that ex(a)=ex(b). As C1' is on the boundary 
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of a component of P\X', there exists an arc L C P such that: 
L II X'={a} u {b}. 
It follows that D = rx(L) is a circuit on T g such that D II X= {p }, where 
p=rx(a)=rx(b). We cut the surface Tg along the circuit D. Let D' and D" 
be the two circuits we obtain from D. If D separates the surface Tg it 
is clear that we obtain two different surfaces Tg' and Tu" with g'+g"=g. 
As the circuit D is not on the boundary of a 2-cell of T g it follows that 
g'>O and that g">O. Consequently we have g'<g and g"<g. Let X1 
respectively X2 be the part of X on Tu' respectively on Tu"· According 
to the induction hypothesis there exists a -r-set S1 = {C1, ... ,Or} of circuits 
in x1 and a T-set 82= {Cr+l, ... , Cm} of circuits in x2 such that: 
1) g(S1) .;;;;.g' 
g(S2) .-;;;;g" 
2) :rt1(X1)jN(C1, ... , Cr) = F1 * i-'tii* (:rc1(Tu•)) 
:rt1(X2)jN(Cr+1 . ... , Cm) = F2 * •='"ill* (:rc1(Thi)). 
Span a 2-cell Etin each of the circuits C,(i = 1, ... , m), and put Y1=X1 U 
U Ul= 1 E, and Y2=X2 U Uf!.,+IE,. Hence: :rt1(Y1)=n1(X1)/N(C1. ... , Cr) 
and :rt1(Y2)=n1(X2)/N(Cr+1, ... , Cm)· 
Identifying the point on X1 II D' with the point on X2 II D" we obtain 
a space Y with :rt1(Y) =n1(Y1) * :rt1(Y2). 
Now consider the set S = {C1, ... , Cm} as a -r-set of circuits in X. It is 
clear that :rt1(X)jN(C1, ... , Cm)=:rt1(Y)=:rt1(Y1) * :rt1(Y2). 
It follows that g(S) .-;;;;g' +g" =g. Hence the conditions of theorem 3.1 
are satisfied. 
There remains the case that D does not separate T u· By cutting T g 
along D we obtain an orientable surface Tg-1 of genus g-1 with D' and 
D" as boundary circuits. There exists a map 'YJ: Tg-1--'>- Tg, which assigns 
to every point x E Tg-1 the point 'YJ(x) E Tg from which xis originated by 
the cutting of Tg along D. Spanning a 2-cell E' in D' and a 2-cell E" in 
D" we obtain a closed orientable variety T!_ 1 =Tg-1 U E' U E", Let 
X' ='Yj-1(/(X)). According to the induction hypothesis there exists a -r-set 
S" = {C1", ... , Cm"} of circuits in X' such that 
:rt1(X')jN(C1", ... , Cm") = F * •-fiT* (m(Tu.)) 
with g(S") .-;;;;g-1. Span a 2-cell E1. in every circuit C,(i = 1, ... , m). Let 
Y =X' u Uf!.1 E,. Of course :rt1(Y)=:rt1(X')jN(C1", ... , Cm"). If we identify 
the two points of 'YJ-1(p) we obtain a space Y' with n1(Y') = F 1 * n1(Y) 
where F1 is a free cyclic group. It follows that by putting C, = j-1'YJ(C/') 
(i= 1, ... , m) we obtain a -r-set S = {C1. ... , Cm} of circuits in X such that 
m(X)JN(CI. ... ,Cm)=:rt1(Y')=F1 *:rt1(Y). 
Hence g(S).-;;;;1+(g-1)=g. Hence the conditions 1) and 2) of the 
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theorem are satisfied. This completes the proof of the necessity of the 
conditions of theorem 3.1. 
Now we shall prove the sufficiency of the conditions l) and 2) of 
theorem 3.1. Let X be a connected graph and let 8={01, ... , On} be a 
•-set of circuits in X satisfying the conditions l) and 2) of the theorem. 
We assume that the set S is chosen in such a way that the number g(S) 
is as small as possible. We span a 2-cell Ei in each of the circuits 
Oi(i=l, ... , n). Let Y'=X u Uf~ 1 Ei. 
According to lemma 2.2 we have Y' = UI~oYi where Yo is a graph 
containing all edges of X that are on none of the circuits Oi(i= l, ... , n), 
and where Y1, ... , Yr are pseudovarieties. According to the minimality 
of the number g(S) we conclude: 
a) every pseudovariety Yi(i=l, ... , r) is closed; 
b) every component M1(j = l, ... , s) of Y'\ Uf~ 1 Yi is a tree, as it does 
not contain a circuit. 
Hence it is permitted to assume that M 1 is contained in a 2-spere 
Yr+J(j = l, ... , s) such that Yr+J n Y' =MJ. Let Y = UI~fYi. According to 
the theorem of van Kampen it is clear that: 
:nl{Y)=:nl(Y')=:nl{X)/N(Ol, ... , On)=Fuo * i~iil*{:nl(Tui))= 
=r~8Il*(:nl(Yi)) 
It follows that if :nl(Yt)=Fhi*:nl{Tui)(i=l, ... ,r+s) we obtain 
_L~il hi= go, gr+l = · · · = gr+s = 0. 
Suppose ·that u and v are two integers with l < u, v < r + s, such that 
Y u n Yv #0. Let p E Y u n Yv. Consider closed 2-cells E and E' contained 
in Y u respectively Yv such that E n X= E' n X= {p }. Let 0 = oE and 
0' = oE' be the boundary circuits of E respectively E'. Let E be the 
interior of E, E' the interior of E' and let Z' = Y\(E U E'), Yu' = Yu \E 
and Yv' = Y v \E'. It is clear that 
:n1{ Y u') = Fhu *A 
where A is the group generated by xr, ... , x2uw l with the only relation 
Here l is the element of :n1(Yu') corresponding to the circuit 0. In the 
same way we obtain: :nl(Yv')=Fhv * B where B is the group generated 
by the elements yr, ... , Y2uv, m with the only relation 
Here m is an element of :n1(Yv') corresponding to the circuit 0'. 
Moreover :nl(Z')=Fuo*f~tiT*Gi, where Gi=:nt(Tui) if i#u, v and 
Gu=A, Gv=B. 
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Now by attaching a 2-cell to the space Z' along the path l·m, we obtain 
a space Z whose fundamental group is obtained from :11:1(Z') by dividing 
out the relation l· m =e. It is clear that the groups Gi( i #-u, v) remain 
unchanged. The free product Gu * Gv however is replaced by the group 
m(Tuu+uv)· 
Hence we obtain: 
n1(Z) =Fuo * i~t. Hr,t;IT* (n1(Tui) * n1(Tuu+uv)). 
It follows that the number Ir:tggi remains unchanged. Repeating this 
process it is clear that we obtain at last an embedding of X into a pseudo-
variety Z1 such that: n1(Z1)=Fu0 * m(Tn) with go+h<,g. 
Let q be a local cutpoint of Z1, U a neighbourhood of q, and U1 re-
spectively U2 two different components of U\{q}. Let D be a circuit 
containing the point q such that D n U1 #-0 and D n U2 #-0. There exists 
an element ; of Fuo corresponding to the circuit D. Consider 2-cells E 
and E' withE n X =E' n X= {q}, E C U1 u {q}, E' C U2 u {q}. Remove 
the interior E of E and the interior E' of E' from Z1 and let 
Z1' =Z1\(E u E'). Then we have: n1(Z1')=Fuo-1 *A, where A is the group 
generated by 2h + 3 elements x1, ... , X2n, l, m, ; with the only relation: 
[xt, x2]· ... · [x2n-1, X2n]·Z·;·m·;-1=e. 
Here l and m are elements of n1(Z1') corresponding to the boundary 
circuits oE respectively oE'. Attaching a 2-cell to Z1' along the path l· m 
we obtain a space Z1" whose fundamental group is obtained from n1(Z1') 
by dividing out the relation l·m=e. Hence we obtain: 
n1(Z1")=Fgo-1 *A', where A' is the group generated by x1, ... , X2n, ;, l 
with the only relation: 
[x1, x2]· ... · [x2n-1, X2nl [l, ;]=e. 
Hence A' =n1(Tn+l). So we obtained an embedding of X into Z1" with 
n1(Z1") = Fuo-1 * n1(Tn+l)· 
Repeating this process, it is possible to remove all local cutpoints. 
Hence we obtain at last an embedding of X into an orientable surface 
Tuo+n· As go+h<g, the sufficiency of the conditions l) and 2) of the 
theorem is proved. 
Remark l. 
In lemma 2.4 we proved that if S = {01, ... ,On} is an arbitrary •-set 
of circuits in a connected graph X, the following equality holds: 
where F is a free group and Y1 , ••• , Yr are manifolds with or without 
boundary. It follows that the group n1(X)JN(Ot, ... ,On) contains a finite 
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number of generators and relations, such that every generator appears 
at most two times in the relations of this group. In [3] DEHN shows that 
in groups with this property the word problem can be effectively solved. 
It follows that our characterisation of graphs that are embeddable into 
an orientable surface of genus g, is effective. 
Remark 2. 
Let X1 and Xz be two graphs, let Pl be a vertex of X1 and let pz be a 
vertex of X 2• By X1 V Xz we design the graph obtained by identifying 
the points Pl and pz in the disjoint union X1 u Xz. It is well-known 
that the genus of X1 V Xz is the sum of the genera of X1 and Xz. This 
fact can be easily be proved by making use of theorem 3.1. 
University of Amsterdam. 
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